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Abstract 

In the paper we prove an extension theorem for matrices with entries in 
for U being a Riemann surface of a special type. One of the main 
components of the proof is a Grauert type theorem for “holomorphic” vector 
bundles defined over maximal ideal spaces of certain Banach algebras. 


1. Introduction. 


1.1. Let N CC M be a relatively compact domain in an open Riemann snrface M 
snch that 

7ri(7V)-7ri(M) . (1.1) 

Let R be an nnbranched covering of N and i : U ^ R he a. domain in R. Assnme 
that 

the induced homomorphism of the fundamental groups . . 

U : 7ri(t/) —>• 7ri(i?) is injective. ^ ' 

In this paper we continne to stndy the space of bonnded holomorphic 

fnnctions on U satisfying (|1 . 1|) and (L2), started in [Br]. One of the main resnlts 
proved in [Br,Th.l.l] was a Forelli type theorem on projections for H°°{U). In the 
present paper we prove an extension theorem for matrices with entries in H°°[U). 
To formnlate the resnlt let ns recall the following dehnition. 

We say that a collection /i, ...,/n of fnnctions from H°°{U) satishes the corona 
condition if 


\fi{z)\ + \f 2 {z)\ + ... + \fn{z)\ > 6 > 0 for all zeU. (1.3) 
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In [Br,Corol.l.5] we proved that the corona problem is solvable in H°°{U) meaning 
that for any /i,/„ satisfying (|1.3|) there are gi, ...,gn £ H°°{U) snch that 

fl9l + f292 + ••• + fn9n = 1 • (1-4) 


For instance, for U being the open nnit disc D C C the solvability of the corona 
problem follows from the celebrated Carleson’s Corona Theorem [C]. In this paper 
we consider a matrix version of the corona problem. 


Theorem 1.1 Let A = (oij) be a n x k matrix, k < n, with entries in H°°{U). 

Assume that the family of determinants of submatrices of A of order k satisfies the 

corona condition. Then there exists an n x n matrix A = (a^), G so 

that dij = Oij for I < j < k, and det{A) = 1. 


In fact, we can estimate the norm of A in terms of the norm of A, d (from (|1.3|) ), n 
and iV. (This estimate does not depend of the choice of U.) 


Remark 1.2 For k = 1 we have a column of functions from satisfying the 

corona condition. The conclusion of the theorem in this case is essentially stronger 
than just the solvability of equation (|1.4|) . 

Note that a similar to Theorem o result for with U being the interior 

of a bordered Riemann surface was proved hrst by Tolokonnikov [T,Th.3] (see also 
this paper for further results and references concerning the extension problem for 
matrices with entries in different function algebras). 

Let us give an example of a Riemann surface U satisfying O) and (|1.2|). 

Example 1.3 Consider the standard action of the group Z + iZ on C by shifts. 
The fundamental domain of the action is the square R := {z = x + iy & C : 
max{|a:|, ||/|} < 1}. By Rt we denote the square similar to R with the length of the 
side t. Let O be the orbit of 0 G C with respect to the action of Z + iZ. For any 
X G O we will choose some t{x) G [1/2, 3/4] and consider the square R{x) := x+Rp^) 
centered at x. Let R C C be a simply connected domain satisfying the property: 

there is a subset {xjjjg/ C O such that V fl = Lljg/i?(xi). 

We set U := V \ (Uig/ R{xi)). Then U satishes the required conditions. In fact, the 
quotient space C/ (Z + zZ) is a torus CT. Let S be the image of R 1/3 in CT. Then U 
belongs to the covering C of CT \ S with the covering group Z + zZ. The condition 
that embedding U ^ C induces an injective homomorphism of fundamental groups 
follows from the construction of U. 


1.2. Two essential components of our proof of Theorem |1.1| are [Br,Th.l.l] (a Forelli 
type theorem), and a new Grauert type theorem formulated in this section. 

Let N CC M be a relatively compact domain of a connected Stein manifold M. 
Assume that 


N is holomorphically convex in M, and ni{N) = (1-5) 

Let ^ be a family of subgroups of 7ri(M). For any G & Q hy pc '■ Mq —> M we 
denote the unbranched covering of M corresponding to G, that is, 7ri(MG) = G. 


2 



Let U he a domain in M satisfying vri(f/) = According to the covering 

homotopy theorem (see e.g. [Hu]), we have Uq '■= Vc^iU) C Mq is the covering 
of U corresponding to G. In particular, it is valid for N . Further, disjoint union 
Ug := Uq^qUc is an open subset of the complex space Mg := Uc^gMc- By H°°{Ug) 
we denote the Banach algebra of bounded holomorphic functions on Ug equipped 
with the supremum norm. Assume now that U is such that N G U. Let ru : 
H°°{Ug) — > H°°{Ng) be the restriction homomorphism. By H°°{Ng) we denote 
the closure in H°°{Ng) of the algebra generated by all ru{H°°{Ug)) with N G U. 

Let Aig{N) be the maximal ideal space of H°°{Ng), that is, the set of all non¬ 
trivial homomorphisms 0 : H°°{Ng) —> C equipped with the weak * topology 
(which is called the Gelfand topology). It is a compact Hausdorff space. Evaluation 
at an a: G Ng determines an element of A4g{N). Hence there is a continuous 
embedding i : Ng ^ J\4g{N). In what follows we regard Ng as a subset of M.g{N). 
Then we prove the corona theorem for H°°{Ng). 

Theorem 1.4 Ng is an open everywhere dense subset of M.g{N). 

Let U GG M he a relatively compact domain such that N G U, and U sat- 
ishes conditions O- Clearly A4g{N) G Mg(U). Let E be a continuous vector 
bundle over M.g{U) of complex rank n. We say that E is holomorphic if E|[/g is 
holomorphic in the usual sense. A homomorphism h : Ei —> E 2 of holomorphic 
vector bundles over M.g{U) is said to be holomorphic if h\i!g : Ei\ug — E 2 \ug is a 
holomorphic map. If, in addition, h is a homeomorphism we say that Ei and E 2 are 
holomorphically isomorphic. 

Theorem 1.5 (A Grauert Type Theorem) Assume that holomorphic vector 
bundles Ei and E 2 over some Aig{U) as above are isomorphic as continuous bundles. 
Then their restrictions to Aig[N) are holomorphically isomorphic. 

1.3. In this section we formulate some corollaries of Theorem that will be used 
in the proof of Theorem 0. 

Let Un denote the group of unitary n x n matrices. Assume that U is an open 
Riemann surface satisfying the conditions of Theorem |1.1| . Clearly, the universal 
covering of U is the open unit disk D C C, and vri(t/) acts holomorphically on D by 
Mobius transformations. Further, for a Riemann surface X let us denote by ||/||oo 
the norm of / G H°°{X). We say that a matrix a = ( 0 *^) with entries in H°°{X) is 
(left/right) invertible if a~^{z) exists for each z G X and a~^ has entries in H°°{X). 
By ||a|| := maxjj ||ajj||oo we denote the norm of a. 

Theorem 1.6 Let p : t^i{U) —Un be a homomorphism. There are a constant 
G = G{n,N) > 0 depending only on n and N and an invertible n x n matrix 
a = {ttij), Oij G iL'^(D), such that 

(1) a{g{z)) = a(z) ■ p(g) for any g G Tri{U), z G D; 

(2) max{||a|I, I|a“^| 1} < C 
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Now, by H^(U) we denote the if°°(f/)-module consisting of the columns (/i,/„), 
ft E H'^{U), i = 1, Any ii°°( 17)-invariant subspace of Hff{U) will be called a 
submodule. We say that a submodule M C H^{U) is closed in the topology of the 
pointwise convergence on U if for any net {/«} C M that pointwise converges on U 
to an / G we have / G M. As an application of Theorem 1^ we obtain. 


Theorem 1.7 Let M C Hff{U) he a submodule closed in the topology of the point- 
wise convergence on U. Then for some k the module M can he represented as 
M = H ■ where H is a left invertible n x k matrix with entries in 

Moreover, there is a constant c = c{n, N) > 0 depending on n and N only such that 


max{||ii||, ||ii ^11} < c . 


Another possible application of Theorem |L^ is the definition of analogs of Blaschke 
products on U. 

Let r : D —> U be the universal covering map. By Z[g) we denote the divisor 
of zeros of a non-zero g. 

Corollary 1.8 Let {zi} C U be a seguence of not necessarily distinct points. As¬ 
sume that r~^{{zj}) = Z{f) for some f G Then there are a positive 

constant A = A{N) depending on N only and a function h G H°°{U) such that 


Z{h) = {zi} and sup|h( 2 :)| < A. 

z&U 


2. Proof of the Corona Theorem for H°°(N^). 


In this section we will prove Theorem p74 . 

2.1. First, we describe Mg as a fibre bundle over M with a discrete fibre. We 
start with the description of the covering pc : Mq — M corresponding to a group 

GeQ. 

Let U = {Ui)i(zi be an open acyclic cover of M by sets biholomorphic to open 
Euclidean balls. For a complex Lie group S by S) we denote the set of 

holomorphic F-valued ii-cocycles. By definition, s = {sp}, sp G 0{Ui fl Uj,S), is 
an element of Zh{U,S) if 


^ij^jk ^ik on Ui ri Uj ri U]^. 

Now let Xg ■= 7ri(M)/G be the set of cosets of ni{M) with respect to the (left) 
action of G on 7ri(M) defined by left multiplications. By [Gq] G Xq we denote the 
coset containing q G Consider the complex Lie group H{Xg) of all homeo- 

morphisms of Xg (equipped with discrete topology). We dehne the homomorphism 
tg ■ 7ri(M) — H{Xg) by the formula: 

'^G{[Gq]) := [Gqg~^], q G 7ri(M). 

Set Q{G) := Tii{M)/KerijG) and let [g\G be the image of G vri(M) in Q{G). 
Finally by t'q : Q{G) —> H{Xg) denote the unique homomorphism whose pullback 
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to 7ri(M) coincides with tq- Then from the basic facts of the theory of fibre bundles 
(see e.g. [Hi]) it follows that 

There is a cocycle c = {cij} G ZQiU,'iTi{M)) such that Mq is biholomorphic to 
the quotient space of Ujg/t/j x Xq by the equivalence relation: 

Ui X Xg 3 X X TG{[cij]G){h) ^ X X h e Uj X Xg- 

Projection pg '■ Mg —»• M is defined by the coordinate projections Ui x Xg —> Ui. 

Consider now Mg := UGt^gMG- Let Xg := and Hg := IlGee 

any a G Hg, a = {aGlGeg, og ^ Hg, we dehne a : Xg —>• Xg by the formula 

a{x) := {aG(xG)}GGg, x E Xg, x = {xGjcGg, xg G Xg- 

Further, set Tg := { t ^} ggs - Then Tg is a homomorphism from Q{Q) := Ylc^gQi.^) 
into Hg. We also set [cifig := {[cij]G}Geg ^ 0{Ui fl Uj,Q{Q)). Now using the 
above construction of Mg we have that Mg is biholomorphic to the quotient space 
of Uje/t/j X Xg by the equivalence relation: 

Ui X Xg 3 X X Tg{[Cij]g){h) ^ X X h E Uj X Xg. 

In particular, Mg is a bundle over M with hbre Xg. By pg : Mg —M we denote 
the corresponding projection. 

Similarly, for a domain U G M satisfying tt^U) = irfiM), the complex space 
Ug := UG^gUG C Mg is a bundle over U with discrete hbre Xg. 

2 . 2 . As the next step we dehne a compact Hausdorh space E{N, fiXg). Then in 
the proof of Theorem |1.4|, we will show that this space is homeomorphic to A4g{N). 

Let l°^{Xg) be the algebra of bounded complex-valued functions / on the discrete 
space Xg with pointwise multiplication and norm ||/|| = sup 3 ,gj(-g \f{,x)\. Let fiXg 
be the Stone-Cech compactification of Xg, i.e., the maximal ideal space of l°°{Xg) 
equipped with the Gelfand topology. Then Xg is naturally embedded into f3Xg as an 
open everywhere dense subset, and the topology on Xg induced by this embedding 
coincides with the original one, i.e., is discrete. Every function / G l°°{Xg) has 
a unique extension / G C{f3Xg). Further, any homeomorphism h E Hg of Xg 
determines an isometric isomorphism of Banach algebras h* : l°°{Xg) —>■ l°°{Xg). 
Therefore h can be extended to a homeomorphism h : fiXg — >■ fiXg. This extension 
shows that now we can think of Hg as a subgroup of the group of homeomorphisms 
of (3Xg. 

We retain the notation of Section 2.1. Let us dehne the bundle E{M, j3Xg) over 
M with the hbre fiXg as the quotient space of Ujg/f/j x f3Xg by the equivalence 
relation; 

Ui X f3Xg 3 X X Tg{[Cij]g){f) ^ X X ^ E Uj X j3Xg. 

Let Pg : E{M, pXg) —>• M be the corresponding projection. Since Ui x Xg is an 
open everywhere dense subset of Ui x f3Xg, the dehnitions of Mg and E{M, fiXg) 
show that Mg is an open everywhere dense subbundle of E{M, fiXg) and pg\Mg = Vg- 
Similarly we can dehne the bundle E{U, j3Xg) —>■ U for any domain U G M 
satisfying Tiii^U) = nfiM), such that Ug is an open everywhere dense subset of 
E{U,f3Xg). 

The proof of the next result repeats the arguments of the proof of [Brl,Th.2.2]. 
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Proposition 2.1 Let U d M be a domain satisfying = 7ri(M). For every 

h G H°°{Ug) there is a unique h G C{E{U, (3Xg)) such that h\ug = h. 


We just recall how to construct h. Consider the restriction of h to the set Ui x Xg. 
Then for each z & Ui we extend the function h{z, •) G l°°{Xg) to h{z, ■) G C{pXg) 
by continuity. The collection of all such extended functions for any z E Ui and i E I 
forms the required function h. 

Let E{N,l3Xg) := pg^{N). Then it is easy to see that Ng C E{N, fdXg) is 
an open everywhere dense subset, and E{N, pXg) is a Hausdorff compact. We 
will prove that E{N, jdXg) is homeomorphic to M.g[N) which gives us the proof of 
Theorem O. 


2.3. Let 1/ C M be a domain satisfying vri(f/) = 7ri(M). We study some analytic 
properties of E{U, fdXg). First, it follows from the dehnition that the base of the 
topology on E{U,pXg) consists of the sets So,h homeomorphic to O x H, where O 
is an open subset of U biholomorphic to an open Euclidean ball and iL is a clopen 
subset of f3Xg. Also, Sq^h Fl Ug is an open everywhere dense subset of Sq.h- 


Definition 2.2 A function f E C{So,h) is said to be holomorphic if its restriction 
to So,H n Ug is holomorphic in the usual sense. For any open set W C Ug the func¬ 
tion f E C{W) is holomorphic if its restriction to each So,h dW is holomorphic. 
The sheaf of germs of holomorphic on E{U,j3Xg) functions will be denoted by Ojj. 

A sheaf E of Ou -modules on E{U,pXg) is called syzygetic if for any fibre F of 
pg there is an open neighbourhood of F over which T admits a finite free resolution 


{Ou) 


nk 


{OuY 


T 


( 2 . 1 ) 


of sheaves of Ou-modules. 

In the next result by F[*{E{U, (3Xg), E) we denote the Cech cohomology giomps 
with values in the sheaf E. 


Theorem 2.3 Let U d M be a Stein domain satisfying vri(t/) = 7ri(M). Let E be 
a syzygetic sheaf on E{U, pXg). Then for any i > I 

H\E{U,i3Xg),E) = 0 . 

Proof. First, note that for any open cover V of E{U, fdXg) one can End a rehnement 
V of V satisfying the properties: 

(a) there is an open countable cover of a hnite multiplicity V = (Vi)je/ of U by 

sets biholomorphic to complex Euclidean balls such that each element of V is a 
subset of one of of the form Sy. jj, where H is a clopen subset of (3Xg, and 

PG{^Vi,H) — 

(b) for a hxed i the sets Sy h eV form a hnite open cover of Pg^{Vi) such that any 
two distinct sets of the cover are non-intersecting; 

(c) E admits a hnite free resolution ( |2.1|) over each Pg^{Vi). 

Existence of the above cover follows from the fact that the hbre (3Xg is a compact 
totally disconnected set and that U has a countable exhaustion by compact subsets. 
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Thus it suffices to calculate the cohomology groups with respect to the family of 
open covers V. 

For a fixed cover V' let us consider the presheaf of sections of T defined on all 
possible intersections of sets from V' and its direct image T' := (pe)*(^) with respect 
to •pQ. Then T' is a presheaf generated by groups of sections r(pg^(0), JF) where O is 
intersection of some sets Vi from (a). Now property (b) of V' shows that the groups 
and are isomorphic (see also the arguments in [Br,Prop.2.4]). 

Moreover, according to the construction of E{U, jSXg), the sheaf generated by T' 
can be identified with the sheaf of germs of holomorphic sections of a holomorphic 
bundle B over JJ with the fibre C{j3Xg). Here B is the bundle associated with the 
right isometric action of Q{Q) on C{j3Xg) (the shift of the argument) obtained from 
the right action of Q{Q) on (5Xg. Thus by (c) B' admits a finite free resolution 

0 —^ , pcmQ)p —, 0 

of sheaves of -modules over each V (it is the direct image of the correspond¬ 
ing resolution for JF over Pg^{Vi)). Here is sheaf of germs of holomorphic 

C(/3Xg)-valued functions. Now since U is Stein and V consists of Stein manifolds, 
by Bungart [B,Sect.3] and the classical here theorem (about calculating cohomology 
groups by acyclic coverings) we have (for any i > 1) 

= H\V,X') =0 . 


This completes the proof of the theorem. □ 

We prove now 

Lemma 2.4 The algebra H°°{Ng) separates points of E{N, (3Xg). 


Proof. Let Ei, E 2 be fibres of pg over distinct points Zi,Z 2 € M. We will show that 
for any fi G C'(Fj), i = 1,2, there is a holomorphic function H G Om{E{M, pXg)) 
such that H\f. = fi, i = 1,2. Since the restriction of a holomorphic function defined 
on E{M, l3Xg) to E{N, f3Xg) is a function from H°°{Ng), this will give the required 
statement. 

Consider the restriction homomorphism of the sheaves r : Om — ^ U Cp.^- 

Kernel Ker{r) is a syzygetic sheaf (see e.g. [B,Lm.3.3]). Thus by Theorem |2.3| , 
H^{E{M, pXg), Ker{r)) = 0. Then the homomorphism of the global sections 


r : dM{E{M,f3Xg)) C{E,)UC{E 2 ) 


is surjective. □ 

2.4. We are ready to prove Theorem El It is just a routine to check that the 
statement of the theorem is equivalent to the following one: 

Let U <Z M be a Stein domain such that and N <Z U. Let 

fi,...,fn be a collection of bounded holomorphic functions defined on E{U,pXg) 
satisfying the corona condition IBI at each point of E{U, pXg) . Then there are an 
open domain V D N in U with vri(K) = vri(f/) and bounded holomorphic functions 
hi ,..., hn defined on E{V, pXg) such that Yfi=i hifi = 1- 
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Consider the homomorphism t : {Ou)'^ 


Ou dehned as 


^(■5la;) • • •) ^nx ) •— flxSlx + ••• + fnx^nx ^ eE{u,pXg) . 


Here Sx denotes the germ of section s at the point x. Let us check that Ker{t) is a 
syzygetic sheaf on E{U, pXg). 

Let z E U he a. point and E^ := Vg^^z) C E{U,j3Xg) be the hbre over z. Then 
there is an open neighbourhood O G U oi z biholomorphic to an open Euclidean 
ball such that Pg^(O) is disjoint union of sets So,Hi, i = so that \ fi{v)\ > 

6 /n for any v G Sq Hi- Here 5 > 0 is the constant from the corona condition 
(E3) for (We also admit that for some i the sets So,Hi can be empty.) 

Existence of such O and So,Hi follows from the continuity of /i,and the fact 
that Ez is compact and totally disconnected. Now let us dehne the homomorphism 
k : {OuY~^ —^ Ker{t) over pg^{0) by the formula: if a: G So,Hi then 


i—1 n—1 

• • • 5 Itc) • • • • 5 ^i—lx^ ^ ^ ( fix/ fix^^lx ^ ^ ( fl+lx/ fix^^lx-; 

1=1 l=i 


Itc) • 


Since Hi are clopen non-intersecting subsets of (3Xg, we can glue together the holo- 
morphic matrices that define k on each So,Hi to obtain a global holomorphic ho- 
momorphism over pg^(O). Clearly, this homomorphism determines an isomorphism 
between and Ker(t) over pg^{0). 

Now according to Theorem [27^ , H^{E{U, P^g), Ker(t)) = 0. Since also the 
homomorphism t is locally surjective (because it is surjective at each point), the 
standard argument (that associates to the short exact sequence of sheaves the long 
exact sequence of cohomology groups with values in these sheaves) shows that the ho¬ 
momorphism of global holomorphic sections {Ou{E{U, pXg)))'^ —> Ou{E{U, pXg)) 
induced by t is surjective. In particular, there are gi, ...,gn £ Ou{.E{U, (3^g)) such 
that difi = 1- If remains then to restrict gi, ---ign to any £’(!/, (3Xg) with V G N, 
V C U and vri(H) = ni^U). This restriction produces the required bounded holo¬ 
morphic functions hi, ...,hn- 

The above arguments together with Lemma ^.4| show that Aig[N) is homeomor- 
phic to E{N, f3Xg). 

The proof of the theorem is complete. □ 


3. Proof of the Grauert Type Theorem. 


In this section we will prove Theorem 


Let E be a holomorphic vector bundle dehned in an open neighbourhood O of 
Aig{N). Without loss of generality we can consider O as E{U, pXg), where U is 
a Stein domain in M such that N C U and 7 ii{M) = 7ii{U). Since the hbre of 
E{U, pXg) is totally disconnected, the arguments similar to those used in the proof 
of Theorem (see Section 2.4) show that the sheaf 0{E) of germs of holomorphic 
sections of E is coherent. (In fact, in an open neighbourhood of a hbre of E{U, (3Xg) 
it is holomorphically isomorphic to (Ou)^, where k = rank{E).) By the same reason 




the sheaf of germs S{E]F) of holomorphic sections of E vanishing on a hbre E of 
E{U, pXg) is also coherent. In particnlar, H^{E{U, pXg), S{E; E)) = 0. Now from 
the short exact seqnence of sheaves 

0 —^ S{E-E) —^ d{E) —^ d{E)\F —^ 0 

by the standard argnment involving the long exact seqnence of cohomology gronps 
we obtain 


Proposition 3.1 There are global holomorphic sections Si ,Sk of E, k = rank{E), 
whose restrictions to E give a trivialization of E\p. □ 

Recall that det{E) is a complex rank 1 vector bnndle which is determined by taking 
the determinant of a cocycle dehning E. 


Proposition 3.2 Assume that det{E) is holomorphically trivial. Then there are an 
open neighbourhood V C O of Mg(N), a positive integer t, and a holomorphic map 
fp : V —> such that 

(1) friy) belongs to a closed analytical subset Xp of0~^^ defined as the set of zeros 
of a finite family of holomorphic homogeneous polynomials; 

(2) Xp \ {0} is a smooth manifold; 

(3) there is a holomorphic vector bundle E' over Xp \ {0} such that ff{E') = E. 


Proof. From Proposition ^ and compactness of Xig{N) it follows that there is an 
open neighbonrhood V C O of Aig{N) and a hnite nnmber of linearly independent 
holomorphic sections hi,hn of E\y snch that their restrictions to each point x ^ V 
generate E^. As before we can choose V in the form E{U, jdXg), where U is a. 
Stein domain containing N snch that ri{U) = ni{M). We now recall the following 
constrnction (see, e.g., [GH, Ch.l, Sect. 5]). 

Let W be the n-dimensional complex vector space of holomorphic sections of 
E\v generated hj hi,hn. Since for any x G V sections from W generate the hbre 
Ex, the snbspace A^, C IF of sections vanishing at x is n — fc-dimensional. Below we 
also nse the following dehnitions. 

Let X be a p-dimensional complex vector space. By G(s, X) we denote the 
corresponding complex Grassmanian, i.e., the set of s-dimensional complex linear 
snbspaces in X. We also dehne the universal bundle S —>• G{s,X) of complex 
rank s, whose hbre over each A G G{s,X) is the snbspace A. Glearly, S' is a 
holomorphic snbbnndle of the trivial bnndle G{s,X) x C^. By S* we denote the 
dnal bnndle which nnder identihcation * : G{s,X) —>■ G{p — s,X*) is isomorphic 
to the nniversal bnndle over G{p — s, X*). 

Now there is a natnral map 


Tw-.V —^ G(n - k, IF) = G{k, W*) 

snch that 

E = T*yS*) and W = T*yH\G{k,n),0{S*))) . 
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One can express the map tw explicitly. Indeed, let ei,...,efc be a local reper of 
holomorphic sections of E (defined in some open subset of V). Then for i = 1,n, 


-E 

OL=l 




for some holomorphic functions aia- Under the identihcation G{n—k, W) = G{k, W* 
the map tw is locally given by 


Tw{x) ;= 


' aii(x) ... aik{x) \ 

\ anl{x) . . . ttnkix) 


From this formula it is clear that Tw is holomorphic. Let Pk : G{k, W*) —P*, 
t = ~ 1) be the Pliicker embedding into the projective space. Let {Ai}i^i be the 

set of all k x fc-minors of the above matrix (ajj). Then locally the map Pk o t\y is 
given as 

{Pk o Tw){x) := (Ai(x) : ... : At+i{x)). 

This formula shows that Pk o tw is also holomorphic. Moreover, there is a holomor¬ 
phic vector bundle E over the complex projective manifold X := Pk{G{k, W*)) such 
that {Pk o tw)*{E) = E\v- Since det{E) is holomorphically trivial, the above func¬ 
tions As are just the local representation of global holomorphic functions A... 
(which are the sections of det{E)). In particular, one can dehne the holomorphic 
map /e : V —> /^(a:) = (y4i(a;),..., y4t+i(a;)), such that Pk o tw = 'x o /g, 

where vr : —> P^ is the natural projection. Also the image of /e belongs to the 

complex manifold Xk '■= 'k~^{X) G \ {0}. Since X C PMs a smooth projective 
manifold, by Chow’s theorem Xk is dehned as the set of zeros of a hnite family of 
holomorphic homogeneous polynomials. Thus Xe '■= Xk U {0} C is the set 
of zeros of the same family of polynomials. It remains to set E' := 'k*{E). Then 
according to our construction, /e(-U') = E\y. 

The proof of the proposition is complete. □ 


Proof of Theorem |1.5| . Let Ei, E 2 be holomorphic vector bundles of complex rank 
k dehned in an open neighbourhood O of M.g{N) = E{N, pXg). Assume also that 
El = E 2 as continuous bundles. We will prove that there is an open neighbourhood 
U C O of M.g{N) such that Ei\v and E 2 \v are holomorphically isomorphic. 

First, we will prove the theorem under the additional assumption that the bun¬ 
dles det{Ei), i = 1,2, are holomorphically trivial. Then as in Proposition p.2| we can 
construct holomorphic maps Ti : U —> G{k,n) P* (with the same n) for some 
open neighbourhood f/ C O of A4g{N) such that Ei\jj = t*{S), i = 1,2. Since U 
is a compact and Ei, E2 are topologically isomorphic, we can choose n so big that 
Ti and T2 are homotopic (see, e.g., Husemoller [H]). Denote by Ht : U —> G{k,n), 
t G [0,1], this homotopy. Then B := {Bt := Hl{S), t G [0,1]}, is a continuous 
bundle on U x [0,1] such that Bq = Ei and Bi = E 2 . Let si, ...,Sn be a basis in 
H^{G{k,n), 0 {S)). Then Si{t) := H^{si), i = l,...,n, is a family of linearly inde¬ 
pendent continuous sections of B, such that for any t, si{t), ...,Sn{t) generate each 
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fibre of Bt. Moreover, each Ht is defined by si(f), Sn{t) as in the constrnction of 
Proposition Since also det{B) is topologically trivial (because it determines a 
continuous homotopy between det{Ei) and det{E 2 )), we obtain a continuous homo- 
topy between holomorphic maps /g. : U —>• i = 1,2, that covers Ht. Indeed, 

the homotopy map is dehned by the family of global complex-valued continuous 
functions A ... A on f/ x [0,1]. 

Now the remaining part of the proof can be extracted from Novodvorskii’s the¬ 
orem [No], however, for the sake of completeness we will present a more detailed 
exposition. 

Consider M.g{N) as the inverse limit of compacts. Namely, let P be the set of 
all hnite collections of holomorphic functions dehned in some open neighbourhoods 
of N such that each collection from P contains also the functions from and 
/^2- Let us hx some order in each 7 G P such that 7 is started with the functions 
from and then from For 7 , G P, i = 1,2, we will say that 71 < 72 if 

the ordered set 72 contains 71 as an ordered subset. Clearly, each 7 G P can be 
considered as a holomorphic map into some where /(7) is the cardinality of 

7 . Then we set N'^ := 'y{Mg{N)) C Also by N'^ G we denote the 

image of Aig{N) by the map e = {fEi,fE 2 )- Further, by we will denote the 

polynomial hull of Clearly, if 71 < 72, the projection ; ^*(72) — ([;;h 7 i) 

to the hrst ^(71) coordinates maps into According to Proposition (1), 
the set Xi := Xei = Xe^ C is polynomially convex. Thus N.y belongs to 

the polynomially convex set Ky := {n'l)~^{Xi x Xi). Let B^{r) C be the open 
Euclidean ball centered at 0. We set 

iV^:=Kyn(X^ + 5^(^)(lA(7))) • 

Since for 71 < 72 we have /( 71 ) < /( 72 ), the projection maps Alyj ii^to 
Moreover, each is an open neighbourhood of in Ky. Thus we have the 
inverse limiting system generated by X.y and Since Aig{N) is the maximal 
ideal space of H°°{Ng), the inverse limit of this system coincides with Xig{N). By 
7 r.y : Aig{N) —>• we denote the corresponding map. Let hi : 

h 2 : —>■ be the projections to the hrst and to the last f -|- 1 coordi¬ 

nates, respectively. Then as we have already proved, /ei := hi o vTe is homotopic to 
/e 2 := ^2 o TTe inside of the smooth manifold Xi \ {0}. Now it is easy to prove (see, 
e.g., [L, Lm.lj) that there is a 7 G F such that hjovrj maps Aiy into Xi\{0}, i = 1, 2, 
and hi o e2 is homotopic to ^2 o ttJ inside of Xi \ {0}. In particular, we obtain that 
N.y belongs to the smooth part of Ky. Let Fj := {hi o njYi^E'), i = 1,2, with E' as 
in Proposition p.2| (3). Then Ei and E 2 are isomorphic as continuous vector bundles 
and Ei = {hi o 7 re)*(F'), i = 1, 2. Since Xy C Ky is an open smooth neighbourhood 
of the Stein compact Xy, there is an open smooth Stein neighbourhood X C Xy of 
Xy. Now Ei\x = E 2 \x as continuous bundles and therefore by Grauert’s theorem 
[Gr], they are holomorphically isomorphic too. Then Ei and E 2 are holomorphically 
isomorphic because they are pullbacks of Ei\x and E 2 \x by a holomorphic map. 

This completes the proof of the theorem in the case when det{Ei), i = 1,2, are 
holomorphically trivial. 
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Consider now the case when det{Ei) and det{E 2 ) are not necessarily holomor- 
phically trivial. From the conditions of the theorem it follows that det{Ei) and 
det{E 2 ) are topologically isomorphic. Thus the holomorphic complex rank 1 vec¬ 
tor bundle det{Ei) ® det{E 2 )~^ is topologically trivial. Now according to the hrst 
part of the proof of the theorem, det{Ei) (g) det{E 2 )~^ is holomorphically trivial 
too. Consider now the holomorphic vector bundles Hi := Ei ® det{Ei)~^, i = 1,2. 
Then Hi and H 2 are topologically isomorphic and det{Hi), i = 1,2, are topologi¬ 
cally trivial. Again from the hrst part of the proof it follows that Hi and H 2 are 
holomorphically isomorphic. Since as it was shown above det{Ei) and det{E 2 ) are 
holomorphically isomorphic, the bundles Ei = Hi ®det{Ei) and E 2 = H 2 ®det{E 2 ) 
are holomorphically isomorphic too. 

The proof of the theorem is complete. □ 

4. Some Additional Properties of E(M,/?X^). 

In this section we describe some topological properties of the space E{M, (3Xg) 
which will be used in the proof of Theorem EH 

Let iL be a connected Hausdorff space. Assume also that H is locally arcwise 
connected, locally simply connected and admits an exhaustion by at most countable 
number of compact subsets. Then the fundamental group 7 Ti{H) is well dehned. Now 
the bundle E{H,(3Xg) over H can be dehned using the coverings corresponding to 
some family of subgroups G E Q exactly as in Section 2.2 (with H instead of M). 
Assume, in addition, that the topological (covering) dimension dim{H) of H is hnite. 


Proposition 4.1 E{H,pXg) is a paracompact space satisfying 

dim{E{H, jdXg)) = dim{H) . 

Proof. The above conditions imply that H can be covered by at most count¬ 
able number of simply connected relatively compact subsets Ui. By the dehni- 
tion over each Ui the bundle E{H, (dXg) is homeomorphic to Ui x jSXg. Therefore 
E{H, (3Xg) can be covered by at most countable number of open relatively compact 
subsets E{H, l3Xg)\jj. which implies that E{H,(3Xg) is a paracompact space. Since 
dim{Ui) < dim{H) and dim{j3Xg) = 0, we obtain that dim{Ui x l3Xg) < dim{H). 
But for any x G pXg we have Ui x {a:} <Z UiX (3Xg. Thus dim{Ui) < dimfUi x pXg). 
Now the required result follows from existence of the open cover of E{H, j3Xg) 
by sets homeomorphic to Ui x (dXg and the fact that there is some i for which 
dim{Ui) = dim{H). □ 

Let K he a. connected hnite-dimensional locally compact Hausdorff space satis¬ 
fying the same properties as H. Assume also that K is homotopically equivalent to 
H. Then 7ri(A') = ni{H) and so E{K,l3Xg) is well dehned too. 

Proposition 4.2 Under the above assumptions, E{H,pXg) and E{K, jdXg) are 
homotopically equivalent. 
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Proof. Let F : iL — K and G : K —> H be such that F o G : K — K 
and G o F : H — H are homotopic to the identity maps. Since F* and G* induce 
isomorphisms of fundamental groups, the covering homotopy theorem (see e.g. [Hu]) 
implies that there are continuous maps F : Hg — Kg and G : Kg —Hg that 
cover F and G, respectively, such that F o G, and G o F are homotopic to the 
identity maps. (Here F[g and Kg are dehned similarly to Mg from Section 2.1.) 
Locally the maps F and G can be described as follows. Let U <Z H and V (Z K 
be open simply connected subsets such that F{U) C V. Then by the dehnition 
Hg is homeomorphic to G x Xg over U and Kg is homeomorphic to H x Xg over 
V. Moreover, in appropriate local coordinates we have F{u x x) := F{u) x x E 
Kg\v ioT u X X E U X Xg = Hg\u. A similar description is valid for G. Since 
the local description is clearly equivariant with respect to the equivalence relations 
dehning E{H,pXg) and E{K, pXg), we can extend F and G to continuous maps 
F' : E{H,j3Xg) —^ E{K,j3Xg) and G' : E{K,j3Xg) —^ E{H,j3Xg). For instance, 
for F' the required extension over U has the from 

F'{u X 0 := F{u) X e e E{K,/3Xg)\v, u x ^ E U x /3Xg ^ E{H,/3Xg)\u . 

It remains to check that F' and G' determine a homotopic equivalence of E{H, j3Xg) 
and E{K, pXg). Consider G o F. Let R : H X [0, 1] —H he a continuous map 
such that i?(.,0) = G o F and R{., 1) = id. Let us prove that we can lift i? to a 
homotopy of E{H, jdXg). As before, by the covering homotopy theorem, there is a 
homotopy R : Hg x [0,1] —Hg that covers R. Let Ui C H, i = 1, 2, be open 
simply connected sets such that R{Ui x I) C U 2 for an open subinterval / C [0,1]. 
Then in appropriate local coordinates R : Hg\u.^ x I — Hg\u^ is dehned by the 
formula 


R{ui X X X t) := R{ui X t) X X E Hg\u^, Ui X X X t E Hg\u.^ X I . 

Clearly, i?(.,0) = G o F and R{., 1) = id. Since R is equivariant with respect to 
the equivalence relation that dehnes E{H, jdXg), we can determine the homotopy 
H : E{H,pXg) — E{H, {3Xg). Locally it is given by the formula 

R'{ui X ^ xt) := R{ui xt) X ^ E E{H, pXg)\u^, ui x ^ x t E E{H, pXg)\u^ x I . 

Clearly H is a continuous extension of R, and R'{., 0) = G'oF', R'{., 1) = id. Similar 
arguments can be applied to F' o G'. This shows that E{H,pXg) and E{K,pXg) 
are homotopically equivalent. □ 

In the next result we will assume that M is a complex manifold. Recall that 
Mg is a hbre bundle over M with the hbre Xg associated with a representation Tg 
of Q{Q) into the group of bijective homomorphisms of Xg. Let T ;= Ylc&gCi and 
p : T — Un, be a unitary representation. By Ep we denote the hat vector bundle 
over Mg associated with p. 

Proposition 4.3 There is a unique holomorphie vector bundle Ep over E{M, pXg) 
whose restriction to Mg coincides with Ep. 
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Proof. According to the construction of Section 2.1, we can describe Ep as follows 
(cf. [Br,Prop.2.3]). There is an open acyclic cover U = {Ui)i^i of M such that Ep 
is dehned on the cover V = (Vi)jg7 of Mg, Vi := Pg^iUi), by a cocycle d = {dp} G 
ZQ(y,T), i.e., Ep is dehned by the equivalence relation 

Vi X 3 X X p{dij){v) ^ X X V G Vj X . 

Observe that each Vi is biholomorphic to Ui x Xg and therefore p{dij) can be thought 
of as a function dehned on Ui fl Uj with values in the space of maps Xg —>• Un- 
In fact, p{dij) is a constant multivalued function. Further, because Un is a compact 
subset of some C'^, each map r : Xg —Un admits the natural continuous extension 
r : jSXg —Un (obtained by the extension of coordinates of r). Therefore we obtain 
an extended function p(dp) : Ui fl Uj —> C{pXg,Un)- Now denote hy Vk the set 
obtained from 14 by taking the closure of each hbre of 14 C E{M, pXg). By 
dehnition, Vk = Vg^iUk) = Uk x (3Xg is an open subset of E{M, pXg). Rewriting 
according to this identihcation p{dij) in coordinates on E{M, jdXg), we can think 
of p{dij) as a continuous function Vi fl Vj —> Un such that p(dp)|y.ny, = p{dij). 
Moreover, since p(dp) ■ p{djk) = p{dik) on I^nl4 nl4, we have p{dij) ■ p{djk) = p{dik) 
on Rinl/jfll/fc by continuity. This shows that {p(dp)} determines a cocycle dehned 
on the cover {Vi)i^i of E{M, pXg) with values in Un- Thus we can dehne Ep on 
E{M, pXg) by the equivalence relation 

Vi X C"' 3 X X p{dij){v) r^xxv&VjxEU. 

Clearly Ep\Mg = Ep and so Ep is holomorphic by the dehnition. □ 

Assume now that M is a non-compact complex Riemann surface and Ep, Ep are 
the bundles from Proposition |4.3| . 

Proposition 4.4 Ep — E{M, jdXg) is a topologically trivial holomorphic vector 
bundle. 

Proof. Since any non-compact complex Riemann surface is a Stein manifold, 
M is homotopically equivalent to a one-dimensional CW-complex K (which satis- 
hes conditions of Proposition |4.2| ). Then according to Proposition [4.2| , the para- 
compact spaces E{M, pXg) and E{K,(3Xg) are homotopically equivalent. Let 
s : E{K,pXg) —>• E{M, pXg) be one of the maps determining the equivalence. 
Then according to the general theory of vector bundles (see [H]) the statement of the 
proposition will follow from triviality of s*{Ep) over E{K, jdXg). Now Proposition |4.1| 
implies that dim{E{K, (dXg)) = 1. Therefore the only obstacle to triviality of s*{Ep) 
is the hrst Chern class ci{s*{Ep)) G H'^{E{K, pXg),Z). Since E{K,f3Xg) is one di¬ 
mensional, the latter cohomology group is trivial which implies that Ci{s*{Ep)) = 0, 
and so Ep is topologically trivial. □ 


5. Proof of Theorem 1.4 and Corollary 1.6. 


Proof of Theorem p..6| . Let N CC M be a relatively compact domain in an open 
Riemann surface M such that 7 ri(A^) = Let R be an unbranched covering 
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of N and i : U ^ R he a. domain in R. Assume that the induced homomorphism of 
the fundamental groups A : 7ri(t/) —>• 7 ii{R) is injective. Without loss of generality 
we may also assume that A is surjective. Indeed, if A(7ri(t/)) is a proper subgroup 
of vri(i?), then consider the covering R of R corresponding to Clearly R 

is a covering of N. Now, by the covering homotopy theorem, there is a holomorphic 
embedding i : U ^ R that covers i and such that A : 7ri(t/) —> vri(i?) is a bijection. 
So we can work with the triple {U, i, R) satisfying conditions of the theorem. 

Now, according to the above assumptions, any homomorphism p : ni{R) —>■ [/„ 
coincides with p o A : 7ri(t/) —>• Un- 

Let G C 7 ri(A^) be a subgroup and p : G —>• Un be a homomorphism. Denoting 
G by Gp we emphasize that G is the domain of the dehnition of p. Then we set 

g:={Gp : G C 7ri(iV), p G Hom{G, Un)} - 


Since 7ri(M) = 7ri(A^), we can construct the associated with a p G Hom{G,Un) 
complex vector bundle Ep over Mg^- Here is the covering of M with the funda¬ 
mental group Gp. Let U = {Ui)i^i be the acyclic cover of M from the construction of 
Mcp and Mg (see Section 2.1). Consider the cover Vcp '■= Vg^^) ^Gp- Since 
is acyclic too, there is a cocycle {cij^Cp} £ Z^iVcp, Un) such that Ep is equivalent to 
the quotient space of Ui^i Pc^iUi) x C” by the equivalence relation 

PG]{Ui) X C" 9 X X Cij^Gp{v) ~ X X n G PcliUj) x C” . 


The same is valid for any p and Gp. Thus we can construct a holomorphic bundle 
Eg over Mg defined on the cover pg^{U) such that Eg\MGp = Ep. Clearly, the bundle 
Eg has the unitary structure group. In fact. Eg is a vector bundle associated with 
a representation R : Wcp^g^p —*■ Un, R\gp = P- Now according to Propositions 
and the extension Eg of Eg to E{M, pXg) is topologically trivial. Since 
N G M is a Stein compact, by Theorem |1.5| Eg is holomorphically trivial in an 


open neighbourhood of E{N, pXg) C E{M, pXg). Going back to Ep we obtain 
that cocycle {cij^Cp} is holomorphically trivial on A^Gp C Mq^. We can say even 
more. Let W = ([/() be a hnite acyclic cover of N by compact Euclidean balls 
such that each U^ is a compact subset of one of Uj G U. Let us restrict {cij^c} to 
p'^ilA'). From the triviality of Eg it follows that there are holomorphic functions 
Ci^Gp e 0 {pGl{U'^),GLn{C)) such that 


G,Gp(x) ■ Cj,Gp{z) = Cij^Gp{z), for any ^ G Pg\{U'^) npGp(f^j), 
and there is a constant G > 0 depending only on n and N such that 


supmax{||ci,GplUlGGpll} < C . 


(Here ||.|| is dehned as in Section 1.3.) 

Let us take now an unbranched covering i? of and U C i? as in the beginning of 
this section. Consider the universal covering r : D — R. (Recall that R C Mcp and 
7 ri(R) = 7ri(MGp) = Gp.) Then r“^(pc^(G-)) = Ug^GpSig, where Sig is biholomorphic 
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to PcliUl). Consider the pullback r*{{cij^Gp}) to the cover (Sig) of D. Since the 
latter is an acyclic cover and the bundle Ep is obtained from the representation 
p : Gp —> Un, there are locally constant functions Pig^Cp '■ Sig —> Un such that 
Pig,GX^)-p'jiGp{z) = r*{Gj,Gp){S) for any z G Sig^Sjh ^ 0, and pu.g^Cp = Pig,Gp-p{l)- 
Dehne -Fig,Gp = G{ci^Gp)'Pig,Gp on Sig. Then from the above equations it follows that 
Sig, Gp{z) - Fjh,Gp{z) for any Z ^ SigH Sjh- That is the family {Fig Cp} determines a 
global function Fcp G 0(B), GL„(C)). Now the group Gp acts holomorphically on © 
by Mobius transformations such that each I G Gp maps any Sig biholomorphically 
onto Sii.g. In particular, for z G Sig we have 


FGp{1{z)) = r*{Ci,Gp){l{z)) ■ pil.g,Gp = Fgp{z) • {pig^Gp ■ Piig,Gp) = Fgp{z) ■ p{l) . 


Clearly Fgp satishes the required estimates of Theorem [^. Since the universal 
covering U of U admits a holomorphic embedding into © equivariant with respect 
to the actions of Gp on U and ©, respectively, the restriction FGp\u determines the 
required matrix function a. □ 

Proof of Corollary |1.8| . Let {zi} <Z U he a. sequence such that r~^{{zi]) C © is 
the set of zeros of a non-zero bounded holomorphic function. In particular, there 
is a Blaschke product B whose set of zeros (counted with their multiplicities) is 
exactly r~^{{zi}). Since the set r~^{{zi}) is invariant with respect to the action of 
G := 7ri(f/) and B is an interior function, we have B{g{z)) = B{z) ■ p{g), g E G, 
for some representation p : G —>■ Ui. Now according to Theorem |^, there is 
a holomorphic function a G (9(D, C*) such that a{g{z)) = a{z) ■ p{g), g E G, 
and max{| |a| loo, I loo} < G for some constant G depending on N only. Set 
h{z) := B{z)/a{z). Then h is invariant with respect to the action of G, the set of 
zeros (counted with their multiplicities) of h is r~^{{zi}), and ||h||oo < G. Clearly, 
h = r*{h) for some h E H°°{U) satisfying the required properties. □ 


6. Proof of Theorems 1.1 and 1.5. 


Proof of Theorem |1.7|. In the proof we use the Lax-Halmos theorem (see e.g. 


[T]). By S^ we denote the boundary of ©. 

Lax-Halmos Theorem. Let M be a weak * closed submodule of the (3)-module 
Then for some k we have M = T ■ H^{3), where T is a left unimodular 
nx k matrix with entries in that is, T*(,^) ■ \k(,^) = Ik for a.e. f,fES^. If 

two such modules T ■ H^{3) and 0 ■ iL“(D) are equal, then k = m and T = 0 ■ P, 
where V E Uk- 

The proof of a similar result for submodules of iL^(©) (with the same conclusion 
instead of if“(D)) can be found, e.g., in [Ni,Lect.I, Corol. 6 ]. The 
required result now can be obtained from the case of Lf^(©) similarly to the proof 
in [Ga,Ch.II,Th.7.5]. 

We proceed to the proof of Theorem O- In our proof we use a scheme suggested 
in [T]. Here, however, instead of the Forelli theorem [F] we use Theorem 1.1 of [Br], 
and instead of the classical Grauert theorem [Gr] our Theorem |0. 


but with Hi 
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Let r : D —>■ U be the universal covering map and G = 'Ki{U). We can 
identify H°°{U) with Hq := r*{H°°{U)), the subalgebra of G-invariant functions 
in the algebra iL°°(D). The module M can be identihed with an Lfg^-submodule in 
Hqu := r*{H^{U)). Let N be the weak * closed iL°°(D)-module generated by M. 
Then by the Lax-Halmos theorem, N = '^ ■ iL^(D), where T is a left unimodular 
matrix. If A G G, then T ■ iL^(D) = (T o A) • i7^(D) and so by the Lax-Halmos 
theorem T(H(; 2 )) = ■ a{A) for all 2 ; G D, where a{A) G t/fc. It is clear that 

a : G —> f/fc is a homomorphism. According to Theorem there is a bounded 
matrix fl G G(D, GLfc(C)) such that f2(A(2:)) = f2(z) ■a{A). Since a{A)* = 
we have f2'(A(z)) = a{A)* ■ where by Theorem |1.6| , := is a bounded 

matrix from G(D, GLfc(C)). Let 

a) := {/ G H^{B) : f{A{z)) = a(A)* • f{z) for all z G D and all A G G} . 

Then NCiHq^ = a). Further, T-fl' is a bounded nxk matrix with entries 

in Hq, N n Hc n = IP ■ fl' • and \P ■ is the pullback of a left invertible nxk 
matrix H with entries in H°°{U). It remains to check the equality N H = M. 
By [Br,Th.l.l] there exists a continuous iL^-linear projector P : —> Hq 

satisfying the property: 

Let o{x) := {gx}g^G be an orbit, and let {/„} C iL°°(ID)) be a net. Assume that 
the restriction {fa}\o(x) converges in the weak * topology of l°°{o{x)) to f\o(x) for 
some f G H^(D). Then lima P{fa){x) = P{f){x). 

Now if / G n then / is the limit in the weak * topology of a net {fa} 

of the form fa = Y^nLigia ■ hia where gia G iL°°(D), hia G M. Since any orbit 
o{x) is an interpolating sequence for H°°{3) (see, e.g. [Brl,Lm.7.1]), the restriction 
of {fa} to o(x) converges in the weak * topology of /°°(o(x)) to /|o(x)- Further, 
P{gia ■ hia) = P{gia) ' Ka, and SO we have P{fa) e M. Finally, P{f) = f e M 
because, according to our assumptions, M is closed in the topology of the pointwise 
convergence on D. 

To estimate the norms of H and H~^ it suffices to estimate the norms of the 
matrix r*{H) = \P-f2' and its inverse. But then the required estimates follow from the 
fact that \P is a left unimodular matrix and max{||f2'||, ||(f2')“^||} < G{n,N). (Here 
II ■ II is defined as in Section 1.3.) Therefore we have max{||r*(iL)||, ||r*(if“^)||} < 
n^PG{n,N). □ 

Proof of Theorem |1.1| . Let A = (aij) he & n x k matrix, k < n, with entries 
in Assume that the family of determinants of submatrices A of order k 

satisfies the corona condition. According to Lemma 1 of [T], one can find a. k x n 
matrix G with entries in such that 


G-A = h. (6.1) 

The operator G maps v G Hff{U) into G • n G H^{U). Let Ker{G) C Hff{U) be 
its kernel. Clearly, Ker{G) is a submodule of Hff{U) closed in the topology of the 
pointwise convergence on U (see the definition in Section 1.3). Then according to 
Theorem and (|6.1|) , Ker{G) = H ■ for some left invertible n x {n — k) 

matrix H with entries in H°°{U). For the matrix J := In — A - G, we have G ■ J = 0. 
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Let us define Ji as the column of the matrix J . Then Ji G H^{U), G ■ Ji = 0, 
Ji G Ker{G) = H ■ , and for some column Si G we have Ji = H-Si. 

Consider the {n—k) xn matrix S = (S'!, Sn)- Then J = H-S and A-G+H-S = In- 
So the n X n matrix F := {A,H) is invertible and F~^ = Since k < n, we 


can divide the last column of F by det{F) to obtain the invertible matrix A with 
det{A) = 1 that extends A. 

Now, let 5 > 0 be the number in the corona condition (|1.3|) for the minors of 
A of order k and ||A|| be the norm of A. Then the effective estimate for solutions 
of the corona problem in see [Br,Corol.l.5] and Lemma 1 of [T] imply that 

in Theorem 


-ii 


||G|| < ci(n, A^, (5,1 l^l I). From here and the estimate for ||iL||,||Lf 
o, we obtain that US'!! < C2(n, iV, 5,11^411). These estimates together imply that 
max{| l^l 1,1 1 ( 74 )“^! 1} < 03 ( 77 ,, N, 6, 11^411) (which does not depend of the choice of U). 
The proof of the theorem is complete. □ 


References 

[B] L. Bungart, On analytic hbre bundles 1. Holomorphic hbre bundles with inhnite 
dimensional hbres. Topology 7 1(1968), 55-68. 

[Br] A. Brudnyi, Projections in the space H°° and the Corona Theorem for coverings 
of bordered Riemann surfaces. Preprint (2001), 23 pp. 

[Brl] A. Brudnyi, Topology of maximal ideal space of H°°, to appear in the J. of 
Funct. Analysis. 

[C] L.Carleson, Interpolation of bounded analytic functions and the corona problem. 
Ann. of Math. 76 (1962), 547-559. 

[F] F. Forelli, Bounded holomorphic functions and projections. Illinois J. Math. 10 
(1966), 367-380. 

[Ga] J. Garnett, Bounded analytic functions. Academic Press, New York, 1980. 

[Gr] H. Grauert, Analytische Faserungen iiber Holomorph Vollstandigen Raumen. 
Math. Ann. 135 (1958), 263-278. 

[GH] Ph. Griffiths and J. Harris, Principles of Algebraic Geometry, Wiley- 
Interscience, N.Y., 1978. 

[H] D. Husemoller, Fibre bundles. McGraw-Hill, New York, 1966. 

[Hi] F. Hirzebruch, Topological methods in Algebraic Geometry. Springer-Verlag, 
New York, 1966. 

[Hu] S.-T. Hu, Homotopy Theory. Academic Press, New York, 1959. 

[L] V. Lin, Holomorphic hbering and multivalued functions of elements of a Banach 
algebra. Funct. Anal, and its Appl. English translation, 7(2) (1973), 122-128. 


18 



[Ni] N. Nikolski, Treatise on the shift operator, Springer-Verlag, Berlin-New York, 
1986. 

[No] M. E. Novodvorskii, Certain homotopical invariants of spaces of maximal 
ideals. Math. Notes 1 (1967), 321-325. 

[T] V. Tolokonnikov, Extension problem to an invertible matrix. Proc. Amer. Math. 
Soc. 117 (1993), no.4, 1023-1030. 


19 



